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A Strong and Easily Computable Separation Bound for
Arithmetic Expressions Involving Radicals

C. Burnikel! R. Fleischet K. Mehlhorn! and S. Schirra

Abstract. We consider arithmetic expressions over operatgrs, *, /, and & with integer operands. For

an expressiolt having valuet, a separation bounsefE) is a positive real number with the property that

& # 0implies|¢| > se@E). We propose a new separation bound that is easy to compute and stronger than
previous bounds.
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1. Introduction. The evaluation of a test in a computer program frequently amounts
to determining the sign of an arithmetic expression, e.qn, &, andr are points in the
plane, then

JBe =102+ (py =12 < \[(@ — 102 + (@ —1))?

determines whethayis at least as close taasq. Section 4.2 discusses a more substantial
example.
We consider expressions with operators

+, =%, /, and ¥/,

and integer operands. This class of expressions is particularly relevant for geometric
computations [2], [3], [9], [15], [17]. An expressioB is given as a directed acyclic
graph (dag) whose source nodes are labeled by integers and whose internal nodes are
labeled by operators frong, —, *, /, and - An expression is calledivision-freeif it
contains no nodes labeled with
For expressiorE we construct a quotienE = U(E)/L(E) of division-free ex-
pressiondJ (E) andL(E). In Table 1 we definéJ (E) and L (E) inductively on the
structure ofE. Furthermore, we define nonnegative real numhgis) andl(E) in
Table 2. The numbers(E) andl (E) are bounds on the absolute valuedJafg) and
L (E), respectively, obtained by replacing every subtractiok ihy an addition. Note
thatu(U (E)) = u(E) andu(L (E)) = I (E), andl(E) = 1 for division-free expressions.
While there is no doubt about the meaning of a rule ikge) = U (E;) - U (Ey) for
E = E; - E, if E is given as an expression tree, it is not immediately clear what such
arule means ik is given as an expression dag involving common subexpressions. The
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Table 1.Inductive rules folJ (E) andL (E).

E U(E) L(E)
Integern n 1
E1+ B2 U(E1) - L(E2) &£ L(E1) - U(E2) L(Ep) - L(E2)
E;-E2 U(E1) -U(E2) L(E1) - L(E2)
Ei/E2 U(E1) - L(E2) L(E1) -U(E2)
YEL YU(ED YL(ED

rules on dags should be interpreted as follows. Compute a topological order on the nodes
of the dag and apply the rules to the nodes in this order. Then the result for the at most
two subexpressions linked to a node is already computed, when the value of the node
is computed. Combine these results as defined by the rule corresponding to the current
node operation. Note the difference in the recursive ruleafpr () andU (), L(). The
former rules operate on real numbers, the latter rules operate on dags. For the rules for
U () andL() it is important not to process common subexpressions more than once to
avoid an uncontrolled increase in the numberpfnodes in the dags.

We denote the value of an expressibiy val(E). The numbeg = val(E) is alge-
braic, i.e., there is a polynomial € Z(X) such thatp(¢) = 0. Among the polynomials
in Z(X) having root there exists a unique irreducible polynomial, called the mini-
mal polynomial of¢. The degreeleg &) of £ is defined as the degree of the polynomial
me. If E involvesr radical nodes of indicek;, ..., k;, respectively, then we define
D(E) = ]_[ir=1 ki. Note thatdeg¢) is bounded from above b (E).

First, we state our main theorem in an abstract form involdagé) which is not
easily computable.

THEOREM1. If E is a division-free expression whose valuis nonzergthen
(U(E)®IO1) ™ < [g] < u(E).

The following corollariesinvolv® (E) in place ofdegval(E)). These are the versions
on which the actual automatic computation of separation bounds is based.

COROLLARY 2. Let E be a division-free expression whose valig nonzeroThen

(UE)PE-Y) " < g < u(E).

Table 2. Inductive rules fou(E) andl (E).

E u(E) I(E)
Integern In| 1
E; + Ep U(Ey) - 1(E2) +1(E1) - u(E2) I(Ey) - 1(E2)
Ei-E2 U(Ep) - u(Ep) I(Ep) - 1(E2)
Ekl/Ez U(Ey) - 1(E2) I(E1) - u(Ez)

VEL VUu(Ep VIED
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For expressions involving divisions we get

COROLLARY 3. Let E be an expression whose valus nonzeroThen
-1
(1BUEP®) " < je] < uEN(E)PE
For the special case in which all radicals are square root operations we have in

particular: If E is an expression involving nodes with square root operation and the
value¢ of E is nonzero, then

(1BuEZ )" <l < uEIE?
If E is division-free and = val(E) # 0, then
(UE? 1) < [&] < u(E).
There are examples where these bounds are nearly optimal. Consider
E= (22* + 1)1/2k ~2,
i.e., the number 2 is squarédtimes, 1 is added, square roots are takeimes, and
finally 2 is subtracteds = val(E) is a number of algebraic degre&é @8ndu(E) =

(2% + 1)V? + 2 < 5, henceg| > 512 by Theorem 1. On the other hand] < 2-2
for k > 2 since

(22k + 1)1/2k —2=2 (1 + 2-2k)1/2k —2

— 2. 2%In@+2%) )
2.¢'% 2
2 (1 2. 2—'<2—2k) —2

22—'(—2k

A

1A

IA
N
N

Here we used the inequalitiesi+ x) < xif x > —lande* <1+ 2xif0 < x < %

There is a significant amount of literature on separation bounds in computer algebra
[5], [8], [13], see also [16], as well as in computational geometry [2], [3], [9], [15].
Some of the work in computer algebra has concentrated on root separation bounds for
systems of polynomial equations of which our problem is a special case. We show in
Section 3 that the bound of Theorem 1 is never worse than the general bounds and
sometimes significantly better. The work in computational geometry has concentrated
on providing root separation bounds for specific geometric predicates. For example, [3]
discusses the predicate which decides for a circle passing through a given point and
touching two given lines whether it intersects, touches, or misses a third given line and
shows a separation bound of @+0W) f all endpoints of the line segments involved
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have integer coordinates bounded Byl [2] this bound is improved to22%+0M) |n
[9] it is shown that a certain part of the reasoning in the two aforementioned papers can
be specified as rewrite rules. In this paper we go one step further and show that an even
larger part of the reasoning can be fully automatized. We have to admit, however, that
some of our bounds are slightly weaker than those derived in [2] and [3] for the specific
expressions involved in incircle tests, see Section 4.

We give a proof of Theorem 1 in Section 2, compare it with previous work in Section 3,
and discuss its applications to computational geometry and the numberetipeof
LEDA [4], [11] in Section 4.

2. The Proof. We give the proof of our main theorem. The upper bound is obvious.
We turn to the lower bound. LeE be a division-free expression. Our first step is a
constructive proof tha = val(E) is an algebraic integer, which can be found e.g., in
[7] and [10]. For the sake of completeness we sketch the proof.

THEOREM4. Let pa(X) = [T, (X—a) = Y g a X +X"and ps(X) = [T (X—
B) = ijz‘ol by X + X™ be polynomials with integral coefficientShen for every
operationop € {+, —, x} the polynomial

Paops(X) =[] [(X — (@ op )
i=1j=1

has integral coefficients as well

PrOOFE We use the well-known theorem on the elementary symmetric functions.

THEOREMS5. Let R be a commutative ring with unity andégt = t; +t, + - - - + t,,
o) = tity + titg + -+ + th_1tn, ..., o = tyto-- - t, be the elementary symmetric
functionsint, ..., t,,i.e,

n n—1
]_[(x —t) = Za,?jjxl + X",
j=1 j=0
Let p be apolynomialingt ..., t, with coefficients in R whichis symmetricint. ., t,,
i.e., for any permutationr of [1..n] we have
p(tla M) tn) = p(tﬂ(l)v M) tﬂ(n))'
Then there is a polynomial g with coefficients in R such that

pte, ...t =q@,...,0").

A proof can be found, e.g., in [14]. Now let ap {+, —, *}. We apply the theorem on
symmetric functions to the polynomial

f(X a1, . an, Bu, oo Bm) = [ [[ [(X = (e op )

n
i=1j=1
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which is symmetric invq, ..., a, as well as indy, ..., Bm. Since the polynomiaf (X,
a1, ...,0n, B1, ..., Bm) issymmetricingy, ..., Bm, there is a polynomia (X, ay, .. .,
o, 01(5), . “’)) such that

n m
9X ar. ... om0y o) =[] [X = (e op B)).
i=1j=1
Sinceg(X, a1, ..., an, o\”, ..., of’) is symmetric inas, ..., an, We can apply the
theoremonthe elementary symmetric functions once moretogeta polyr’rt(miail("),
Lo @, 0P oW such that

n m
h(X,0\*,...,0*, 6P, ... o) = HH — (i op B)).
i=1j=1

We haver® =ay_1,...,0® = agando;” =bp_1,...,o0 = by. By assumption,
they all are integral, and henbds a polynomial inX with integral coefficients. O

The lemma can be applied to construct explicitly a polynonpial € Z(X) with
rooté.

LEMMA 6. There exists a polynomial
pe(X) =[[(X —&) e Z(X)
i

such that p(¢) = 0and|e| < u(E) for all roots g of pg (X).

PROOF We use induction on the structure Bf If E is an integer constaiat, then the
polynomial pe(X) = X — a satisfies the conditions of the lemma.BHf= A op B
for op € {+, —, *}, then we know by induction that there exist polynomipjg X) =
[T-1(X — i) and ps(X) = []{L,(X — ;) with roots valA) and val B), respectively.
Thenwe choospe (X) = paops(X). By Theorem4pagpe(X) hasintegral coefficients.
Furthermore paope(X) has root valE) = val(A) op valB). By induction hypothesis,
li| < u(A) and|gj| < u(B). If op € {4, —}, the roots ofpe (X) are bounded by

li op Bj| < lei| + [Bj] < u(A) +u(B) = u(E).
If op = %, the roots ofpg (X) are bounded by

lai = Bjl < leil - 1Bj] = u(A)-u(B) = u(E).

If E = ¥/Aandpa(X) as above, we set

Pe(X) = pa(X )—H(xd—a.>—1"[1"[(x tg Yai) € ZAX),

i=16=0
wheregq is a (complex) primitivedth root of unity. In this case

¢S ¥ai| = Vi < Yu(A) = u(E),

which concludes the induction step and thus the proof of our lemma. O
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In Lemma 6 we constructed a polynomiag (X) € Z(X) with root&. Since every
integral polynomial having rod§ is divided by the minimal polynomiah; (X), see,
e.g., [14] and [15], botim; (X) and pe (X) have leading coefficient 1, and the roots of
m; (X) are among the roots gde (X). Hence

deg#)
m(X)= [ X-e)
j=1

for some indicesy, . .., igegs). Sincem;(X) is the minimal polynomial, none of the
rootse; is zero. By Lemma 6 all roots are boundedusf). Without loss of generality
g, =¢&. Since]_[j e, € Z\{0} we have
g1 1
d | = deg£)-1"
Me| M50 u®

& >

This completes the proof of Theorem 1. |

Corollary 2 follows from Theorem 1 becaudegé) < []i_; ki-

For the proof of Corollary 3 we apply the bounds of Corollary 2 to the division-
free expressiond (E) andL (E). Each radical operation of indéx in E generates at
most two radical operations of inddx, each of which may appear ld(E) as well
as inL(E). ThusD(U(E)) < [[_ k* = D(E)? and D(L(E)) < D(E)2. Since
val(E) = val(U (E))/ val(L(E)), andu(U (E)) = u(E) andu(L(E)) = I (E), we have

(1BUEPO) ™ < ] < uENE T E 0

3. Comparison with Previous Work. There is a rich body of literature on root sepa-
ration bounds [5], [8], [12], [13], the work by Mignotte [12], [13] and Canny [5] being
particularly relevant for this paper.

Mignotte [12] considers the identification of algebraic numbers,osapd g, given
as algebraic expressions. Looking for a “numerical proof” of the identity ahdg he
discusses bounds ¢@ — 8|. In our case8 = 0. Mignotte defines functions measuring
the sizeof algebraic numbers. The definition of a size-function includes inequalities
that relate the size of the sum and the product of algebraic numbers to the sizes of the
operands. Since the definition of a size-function does not involve inequalities for square
root operation and quotient, it is not obvious how to get an easily computable separation
bound based on such size-functions.

The recursive rules given in Table 3 of quantitd$E) andDeg(E) for an expression
E are in the spirit of Section 5 of [12] and based on the measure of an algebraic number,
see Section 4.3 in [13]. We hayeal(E)| > M(E)~* for all expression&. We call this
the degree-measure bounHor the expressiok = (22k + 1)2’k — 2 considered in the
Introduction the degree-measure boundi&“8Y/3 which is slightly worse than ours.
We now show that this is not a coincidence.

We introduce a new quantity(E) to make the relation between the degree-measure
bound and our bound more evideBtE) is defined in Table 4. It is straightforward to
see thatu(E) = u(U(E)) < S(E) andl(E) = u(L(E)) < S(E).
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Table 3.Inductive rules for degree-measure bound.

E M(E) Deg(E)
Integern n| 1
Ei+E; 2DegEy-DegEr) . v (Ep)DeIE) . M (E,)DEIED Deg(E1) - Deg(Es)

E1-Ez M (E)Pe9E2) . M (E;)PeaED Deg(E1) - Deg(Ez)
E1/E> M (E1)Pe9E2) . M (E,)PedED Deg(E1) - Deg(Ey)
YEr M(E1) k - Deg(E1)

LEMMA 7. For every expression E we haveEPe9E) = M(E).

PrROOFE The proof is by induction on the structure Bf If E is an integer constarst
we haveS(E)Pe9B) = |a| = M(E). If E = E; &+ E,, then we have

S(E)Dqu) — 2Dqu)S(El)Dqu)S(E2)DegE)
— oDeyE) (S(El)Deg(El))Deg(Ez) (S(Ez)Deg(Ez))Deg(El)

— ZDEQE) M (El) Deg(Ez) M (EZ) Deg(Ey)
— M(E).

If E = E;- E; or E = E;/E, the computation is similar. IE = ¥/E; we have

S(E)PUE = /S(EYH PR = S(EYPIE = M(E) =M(E). O

Next we show that our separation bound is never worse than the degree-measure bound
for a division-free expressioB.

LEMMA 8.
M(E) > u(g)P®-1,

PrOOF SinceDeg(E) > D(E), we haveM(E) = S(E)P®9® > y(E)P9B >
u(E)P®-1, O

Note thatDeg(E) coincides with the degree of the polynomjal (X) constructed in
the proof of Theorem 1. This is not surprising since the polynomgalX) also appears
implicitly in the degree-measure bound construction.

Table 4. Inductive rules forS(E).

E SE)
Integern In|
E;1+Ep 2. 8(E1) - S(E2)

Ei-E; S(E1) - S(E2)
Ekl/ Ez S(Eq) - S(E2)

VEL VS(ED)
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Canny [5] considers systems nfpolynomial equations im unknowns. He shows
thatifay, ..., a, is any isolated solution to such a system, then

a=0 or |a|>@3do™""

for all i, whered is the maximal degree of any polynomial in the system aiglthe
maximal coefficient appearing in any of the polynomials. Hong [8] had previously proven
a similar bound for tridiagonal systems.

There are many ways to transform expression dags into polynomial systems, e.g., one
may either introduce a variable for each node of the dag and then relate the input and
output variables of each node by an equation, or one may introduce a variable for each
square root and each division. For the expresgica (22k + 1)2'k — 2 considered in the
introduction the two methods yield

X1 =2,
Xo = X2,
X = X2, + 1, X = 22 + 1,
Y2 = X, Y2 = X,

: and :
i = Y2, yi = Y2,
y=y1_2’ y=y1_2’

respectively, i.e., we have= 2k+1,d = 2, andc = 2inthe former case, and= k+2,
d = 2, andc = 22 + 1 in the latter case. The bounds are therefore&»b-2*"* and
(6- (22 + 1))~ k+22“? regpectively. Trk = 3 to see the difference between these
bounds and our bound.

We show next that our bound is never worse than the bound derived from Canny’s
result for division-free expressions involving square roots.d_et 2 andc be integers
and consider a system

Xizzpi(X:L,...,Xi,l), 15'5"1

where eaclp; is a polynomial of degree at mastvhose maximal coefficient is bounded

by c. By writing
Xi =/ Pi(Xt, ..., Xi—1)

the system turns into a dag wittsquare root nodes. Lat beu(x;) as computed by the
rules given in the Introduction. ffay, . .., &) is any solution of this system, then

a=0 or |a|>3dod
according to Canny and
_2

a=0 or lal=u"?=>u

according to Theorem 1.
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LEMMA 9. U2 > (3do)— foralli.

I
ProOOF It suffices to prove that
ui < (3dg @
for all i. We use induction oi. The first equation ix? = ¢’ for somec’ < c. Thus,

u1 = +/¢ and the inequality clearly holds for= 1.
For the induction step we have

1/2
[ I
ui+1§(c- Z ull...ui) .

li4--+lj=d

We now distinguish cases. Far = 2 we haveu; < (6¢)' for | < i by induction
hypothesis and hence

i | 1/2
U, < c/?. <1+ZU| . (14—2“1))
=1 i=1
i | 1/2
: <1+ > (60) -Z(ec)i)
I=1

1

~
N

j=0

i 1/2
scuz<1+§:wo“(w®”l—n/@c—3)
1=1
i 1/2
< cY2. (Z ((6c)? ™t — (60)') /(6C — 1))
1=0
i 1/2
< <Z((6C)ZI+1)
1=0
< ((6C)2i+2)1/2
— (6C)i+1’

sincec/(6c — 1) < 1forc > 1.
Ford > 3 we havey, < (3d0)@2' for| < i and hence

IA

(c-d+1"-uHY?
(c-(d+1) - (3do) @2 d)1/2

(Cl/z . (d + 1)i/2/(3dc)(d/2)i+l> ) (3dc)(i+1)4(d/2)i+l
(3dg)i+D-@/2

Uit+1

A

IA

IA

sincei /2 < (d/2)'** ford > 3 andi > 1. O

95
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4. Applications. Our motivation for considering separation bounds is their use for
testing the sign of real-valued expressions. Eebe a real-valued expression and let
sef E) be a separation bound f&. We can then compute the signBfas follows. We
compute an interval, of lengthe such that O< ¢ < segE) andl, containsE. If 0 is
insidel,, the value ofE is smaller than sefE) and hence is zero. Otherwise, the sign
of E is equal to the sign of the numberslin

LEDA [11] provides a number typeal that uses the concept of separation bounds
for testing the sign of an arithmetic expression over the operations *, /, »/ . Dubé
and Yap [6] provide a similar number type callbijExpression . The procedure
used inbigExpression  for computing a separation bound is based on a bound, called
degree-length bounih [6], which is almost identical to the degree-measure bound de-
scribed in Section 3. Since their rules for product and quotient involve an additional factor
of 2minCegEr).DedE2), the resulting bounds for expressions over operators, *, /, /-
and integral operands are even weaker than the degree-measure bounds.

We implemented three procedures for computing separation bounds that use the bound
of Theorem 1, the degree-measure bound, and a bound based on Canny’s result, respec-
tively. We call the bound based on Canny’s resultgbé/nomial system bound

4.1. Actual Computation of Separation Boundsrheorem 1 cannot be applied directly
since it evolves quantitias(E) andl (E) that are in general nonrational algebraic num-
bers. We propose two methods to compute slightly weaker separation bounds, firstly
computing with floating point numbers with rounding toward larger values and secondly
maintaining integral logarithms af(E) andl (E).

For the first method we assume the IEEE standard 754 for binary floating point
arithmetic [1]. The IEEE standard 754 requires that the result of the floating point
operations+, —, *, /, and\/ are exactly rounded according to the chosen rounding
mode. Moreover, the standard requires the support of rounding toward infinity, i.e., to
larger values. Using this rounding mode we can compute upper boundsEprand
I (E) with floating point arithmetic.

Changing the rounding mode is expensive on some systems. As an alternative one can
simply evaluatai(E) andl (E) in double precision floating point arithmetic and multiply
each intermediate result ki + 2-52). Note that underflow does not occur here since
we always havel(E) > 1 wheneveu(E) is nonzero. In case of overflow, the resulting
value ofu(E) will be infinity, which is a correct (but meaningless) bound.

In the second method we recursively compute integé(E) > log,(u(E)) and
I’(E) > log,(I(E)) as shown in Table 5. The recursive rulesd6(E) andl’(E) do not

Table 5. Inductive rules for easily computablg(E) andl’(E).

E u'(E) I'(E)
Integern [log, ()] 0
E1+E; 1+ max(u'(Ep) +1'(E2),I"(E1) + U'(E2)) I"(Ex) +I'(E2)
S =) U'(Ey) + U (E2) I"(E1) +1'(E2)
Ekl/EZ u'(Ep) +1"(E2) I"(E1) + U'(E2)

VEL [u'(E1)/K] M"(E1)/k]
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evolve radical operations. All numbers arising in the computation’ @) andl’(E)
are integers, and fairly small in practice. Hence rounding errors are not an issue for
computingu’(E) andl’(E).

We implemented the second method and compared the results with the polynomial
system bound and the degree-measure bound. In our implementation the degree-measure
bound is maintained logarithmically as well, as suggested in [12]. Furthermore, instead
of recursively computin®eg(E) we use the estimaté® to bound the algebraic degree
of expressiorg, wherer (E) is the number of square root nodes in the expression dag
E. In the polynomial system bound we maintain bounds on the degree and coefficient
size of the implicitly generated system of polynomial equations.

4.2. Application to Voronoi Diagram Computation The following incircle tests arise
in the computation of Voronoi diagrams of line segments and points. hethe Voronoi
vertex having minimal distance to sites s,, ands; and lets be another site. Isinside
the Voronoi circle ofv, i.e., is it nearer to than the sites;, s, s3? In the implementation
of the incircle test we compare the squared distance of thesgiteg ands; to v with
the squared distance sto v.

Forexample, let be given by two segmensg, s, and a poin{p and lets be a segment
s;. Letl: g x+ by + ¢ = 0 be the supporting line of segmeqtin [2] it is shown that
for p = (0, 0) the incircle test includes a sign test of the fon< 0 for

E = (X2 + y2)(a3 + b3) — (agx, + bay, + C32,)%,

where the coordinates,/z,, v,/z,) of vertexv are

Xy = a1Cp +apCy + \/20102(\/N + (a1d — biby)),

Yo = b1Ca + ey & \/2(31(32(\/N — (auap — biby)),
z, = VN — (au@z + biby),

andN = (a2 + b?)(a2 + b3).

There are different types of incircle tests that correspond to the different types of sites
definingv ands. s can have type p (point) or | (line segment) andan have type ppp,
ppl, lip, or lll where a symbol p stands for a point among the siteend a symbol |
stands for a line segment among the sged-or example, the incircle test above has
type lip-1.

We assume thatinput points habitintegral Cartesian coordinates and line segments
are given by two input points. Our main goal is to find the exact dependence of the
separation bound of a test expression on the maximal bib©ifthe integer coordinates.

Note that for any of the methods discussed here the logarithm of the separation bound for
expressiork is a linear functiors(b) = sg(b) of b. We splits(b) into s(b) = s;b + s

and compute the valuess ands; separatelys, ands, can be computed recursively by
formulas that are analogous to the formulas given before. For the various incircle tests,
we get the results shown in Table 6.

Compared with the bounds based on the results of Canny and Mignotte, our new
separation bounds lead to a considerable improvement. As proven in Section 3, the
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Table 6. Comparison of separation bounds for incircle tests.

Incircle test Our bound Polynomial system bound Degree-measure bound
ppp-p 0-b+0 4b+17 92b+39
ppp- 0-b+0 8b+42 202b+91
ppl-p 6-b+14 64b+ 312 2,030+ 1,034
ppl-I 12b+27 96b + 680 8,864b + 4,586
lIp-p 28b+84 384b+ 1728 156,41 + 82,584
lIp-I 56:b+ 161 512b + 3840 1,307,136 + 697,736
Ill-p 70b+ 147 512b+ 3456 14,188,928 + 6,165,768
I1I-1 84b+ 168 640b + 4352 11,404,160+ 4,762,120

polynomial system bounds are always weaker than ours but, at least in these examples,
are still usable for the sign computation. For the last four tests the degree-measure bounds
are much too weak to be of any practical use. The reader should realize that computing
just one single square root operation up to a million binary digits is not feasible in a
reasonable time on most computers.

Comparing Table 6 with the results of [2] which were computed by hand, we see that
we get the same asymptotic bounds for the first four tests and slightly weaker bounds
for the last four tests. Note that the test expressions for ppp-p and ppp-| are integral
and hence 1 is an obvious separation bound in these cases. Only our method achieves
this bound. On the other hand, there are several reasons why our results are not always
optimal. In the test expressida for llp-I (and also for llp-p), we have three different
square root operations. However, the two nested ro@sand+/G that appear irE
are algebraically dependent over the rationals and, in particdlar/G is an integer.

Hence two of the three square roots that appedt ere algebraically dependent and
henceE has in fact algebraic degreé &t most and not 2as is implicitly assumed in
the computation of our bound.
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